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Abstract
In this paper we show that the tensor product of skew PBW extensions is a skew PBW ex-
tension. We also characterize the enveloping algebra of a skew PBW extension. Finally, we
establish sufficient conditions to guarantee the property of being skew Calabi-Yau algebra
over skew PBW extensions.
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1 Introduction
Let k be a commutative ring and B an associative k-algebra. By definition, the enveloping
algebra of B is the tensor product Be = B ⊗k B
op of B with its opposite algebra Bop. Bi-
modules over B are essentially the same as modules over the enveloping algebra of B, so in
particular B can be considered as an Be-module. Since that the opposite algebra of a Koszul
algebra is also a Koszul algebra, and the tensor product of Koszul algebras is also a Koszul al-
gebra, and having in mind that the authors have studied the property of being Koszul for skew
Poincare´-Birkhoff-Witt (PBW for short) extensions (see [19], [20], [18], and [21]), in this paper
we are interested in the characterization of the enveloping algebra of skew PBW extensions.
These non-commutative rings of polynomial type were introduced in [1], and they are defined
by a ring and a set of variables with relations between them. Skew PBW extensions include
rings and algebras coming from mathematical physics such PBW extensions, group rings of
polycyclic-by-finite groups, Ore algebras, operator algebras, diffusion algebras, some quantum
algebras, quadratic algebras in three variables, some 3-dimensional skew polynomial algebras,
some quantum groups, some types of Auslander-Gorenstein rings, some Calabi-Yau algebras,
some quantum universal enveloping algebras, and others. A detailed list of examples can be
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consulted in [5] and [3]. Several ring, module and homological properties of these extensions
have been studied (see for example [5], [6], [3], [7], [8], [2], [9], [10], [11], [12], [13], [20], [18],
[21], and others). Besides our interest, it is important to say that the concept of enveloping
algebra is of great importance in the research of another concepts in physics and mathematics
(for instance, Calabi-Yau algebras [22], [14], [23], see also Section 5).
The paper is organized as follows: In Section 2 we establish the necessary results about
skew PBW extensions for the rest of the paper. Next, in Section 3 we establish some results
about tensor product of skew PBW extensions. Finally, in Section 4. Throughout the paper,
the word ring means a ring not necessarily commutative with unity. The symbols k and k will
denote a commutative ring and a field, respectively.
2 Skew PBW extensions
In this section we recall the definition of skew PBW extension and present some of their
properties. The proofs of these properties can be found in [3].
Definition 2.1 ([1], Definition 1). Let R and A be rings. We say that A is a skew PBW
extension over R (also called a σ-PBW extension of R), if the following conditions hold:
(i) R ⊆ A;
(ii) there exist elements x1, . . . , xn ∈ A such that A is a left free R-module, with basis the
basic elements Mon(A) := {xα = xα11 · · · x
αn
n | α = (α1, . . . , αn) ∈ N
n}.
(iii) For each 1 ≤ i ≤ n and any r ∈ R \ {0}, there exists an element ci,r ∈ R \ {0} such that
xir − ci,rxi ∈ R.
(iv) For any elements 1 ≤ i, j ≤ n, there exists ci,j ∈ R \ {0} such that xjxi − ci,jxixj ∈
R+Rx1 + · · ·+Rxn.
Under these conditions, we will write A := σ(R)〈x1, . . . , xn〉.
Remark 2.2 ([1], Remark 2). (i) Since Mon(A) is a left R-basis of A, the elements ci,r and
ci,j in Definition 2.1 are unique.
(ii) In Definition 2.1 (iv), ci,i = 1. This follows from x
2
i − ci,ix
2
i = s0+ s1x1+ · · ·+ snxn, with
si ∈ R, which implies 1− ci,i = 0 = si.
(iii) Let i < j. By Definition 2.1 (iv), there exist elements cj,i, ci,j ∈ R such that xixj −
cj,ixjxi ∈ R + Rx1 + · · · + Rxn and xjxi − ci,jxixj ∈ R + Rx1 + · · · + Rxn, and hence
1 = cj,ici,j, that is, for each 1 ≤ i < j ≤ n, ci,j has a left inverse and cj,i has a
right inverse. In general, the elements ci,j are not two sided invertible. For instance,
x1x2 = c2,1x2x1+p = c21(c1,2x1x2+q)+p, where p, q ∈ R+Rx1+· · ·+Rxn, so 1 = c2,1c1,2,
since x1x2 is a basic element of Mon(A). Now, x2x1 = c1,2x1x2+q = c1,2(c2,1x2x1+p)+q,
but we cannot conclude that c12c21 = 1 because x2x1 is not a basic element of Mon(A)
(we recall that Mon(A) consists of the standard monomials).
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(iv) Every element f ∈ A \ {0} has a unique representation in the form f = c0+ c1X1+ · · ·+
ctXt, with ci ∈ R \ {0} and Xi ∈ Mon(A), for 1 ≤ i ≤ t.
Proposition 2.3 ([1], Proposition 3). Let A be a skew PBW extension over R. For each
1 ≤ i ≤ n, there exist an injective endomorphism σi : R→ R and an σi-derivation δi : R→ R
such that xir = σi(r)xi + δi(r), for every r ∈ R.
Definition 2.4 ([1], Definition 6). Let A be a skew PBW extension over R with endomorphisms
σi, 1 ≤ i ≤ n, as in Proposition 2.3.
(i) For α = (α1, . . . , αn) ∈ N
n, σα := σα11 · · · σ
αn
n , |α| := α1 + · · · + αn. If β = (β1, . . . , βn) ∈
N
n, then α+ β := (α1 + β1, . . . , αn + βn).
(ii) For X = xα ∈ Mon(A), exp(X) := α and deg(X) := |α|. The symbol  will denote
a total order defined on Mon(A) (a total order on Nn0 ). For an element x
α ∈ Mon(A),
exp(xα) := α ∈ Nn0 . If x
α  xβ but xα 6= xβ, we write xα ≻ xβ. If f = c1X1+ · · ·+ctXt ∈
A, ci ∈ R \ {0}, with X1 ≺ · · · ≺ Xt, then lm(f) := Xt is the leading monomial of
f , lc(f) := ct is the leading coefficient of f , lt(f) := ctXt is the leading term of f ,
exp(f) := exp(Xt) is the order of f , and E(f) := {exp(Xi) | 1 ≤ i ≤ t}. Finally, if f = 0,
then lm(0) := 0, lc(0) := 0, lt(0) := 0. We also consider X ≻ 0 for any X ∈ Mon(A). For
a detailed description of monomial orders in skew PBW extensions, see [1], Section 3.
(iii) If f is an element as in Remark 2.2 (iv), then deg(f) := max{deg(Xi)}
t
i=1.
Skew PBW extensions are characterized in the following way.
Proposition 2.5 ([1], Theorem 7). Let A be a polynomial ring over R with respect to a set of
indeterminates {x1, . . . , xn}. A is a skew PBW extension over R if and only if the following
conditions are satisfied:
(i) for each xα ∈ Mon(A) and every 0 6= r ∈ R, there exist unique elements rα := σ
α(r) ∈
R \ {0}, pα,r ∈ A such that x
αr = rαx
α + pα,r, where pα,r = 0, or deg(pα,r) < |α| if
pα,r 6= 0. If r is left invertible, so is rα.
(ii) For each xα, xβ ∈ Mon(A), there exist unique elements cα,β ∈ R and pα,β ∈ A such that
xαxβ = cα,βx
α+β + pα,β, where cα,β is left invertible, pα,β = 0, or deg(pα,β) < |α + β| if
pα,β 6= 0.
There are some examples of skew PBW extensions which are very important for several
results in the paper (see Propositions 3.1, 4.1, and Theorem 5.5). This is the content of the
following definition.
Definition 2.6. Let A be a skew PBW extension over R, Σ := {σ1, . . . , σn} and ∆ :=
{δ1, . . . , δn}, where σi and δi (1 ≤ i ≤ n) are as in Proposition 2.3.
(a) Any element r of R such that σi(r) = r and δi(r) = 0, for all 1 ≤ i ≤ n, it is called a
constant. A is called constant if every element of R is constant.
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(b) A is called quasi-commutative if the conditions (iii) and (iv) in Definition 2.1 are replaced
by the following conditions: (iii’) for each 1 ≤ i ≤ n and every r ∈ R \ {0}, there exists
ci,r ∈ R \ {0} such that xir = ci,rxi; (iv’) for any 1 ≤ i, j ≤ n, there exists ci,j ∈ R \ {0}
such that xjxi = ci,jxixj .
(c) A is called bijective, if σi is bijective for each σi ∈ Σ, and the elements ci,j are invertible
for any 1 ≤ i < j ≤ n. The importance of the restriction on the injective endomorphisms
σi is precisely due to the fact that under this condition we have Rxi + R = xiR + R,
and hence every element f = c0 + c1X1 + · · · + ctXt ∈ A (Remark 2.2 (iv)), can be
rewritten in the reverse form f = c′0 +X1c
′
1 + · · ·+Xtc
′
t. In other words, if the functions
σi are bijective, then AR is a right free R-module with basis Mon(A) ([3], Proposition
1.7). In fact, a lot of properties (Noetherianess, regularity, Serre’s theorem, global homo-
logical dimension, Gelfand-Kirillov dimension, Goldie dimension, semisimple Jacobson,
prime ideals, Quillen’s K-groups of higher algebraic K-theory, Baerness, quasi-Baerness,
Armendariz, etc) of skew PBW extensions have been studied using this assumption of
bijectivity (see [5], [6], [3], [7], [8], [9], [10], [20], [18], [21], and others).
3 Tensor product of skew PBW extensions
Proposition 3.1. (Change of scalars) If A is a skew PBW extension over k and B is a
commutative k-algebra, then B⊗kA is a skew PBW extension over B⊗kk, that is, an extension
over B.
Proof. We show that the four conditions established in Definition 2.1 are satisfied. First of all,
it is clear that B ⊗k k ⊆ B ⊗k A. Second of all, we know that B ⊗k A is an B-algebra under
the product b′(b⊗ a) := b′b⊗ a, and B⊗kA is left B-free with the same rank of A as k-module
([17], Remark 18.27), and since B ∼= B⊗k k, it follows that B⊗kA is a left B⊗k k-free module.
Note that
Mon(B ⊗k A) = {(1⊗ x1)
α1 · · · (1⊗ xn)
αn | αi ∈ N, 1 ≤ i ≤ n},
which shows that B ⊗k A is left B ⊗k k-free of the same rank of A as k-module. Now, if r⊗ k
′
is a non-zero element of B⊗k k (that is, the element rk
′ since B ∼= B⊗k k), we can see that for
every element 1⊗ xi of the basis, there exists a non-zero element 1⊗ ci,k′ ∈ B ⊗k k such that
(1⊗ xi)(r ⊗ k
′)− (1⊗ ci,k′)(1⊗ xi) ∈ B ⊗k k,
where ci,r ∈ k satisfies xir − ci,rxi ∈ k, since A is a skew PBW extension over k. Finally, the
condition
(1⊗xi)(1⊗xj)− (1⊗ ci,j)(1⊗xj)(1⊗xi) ∈ B⊗k k+(B⊗k k)(1⊗x1)+ · · ·+(B⊗k k)(1⊗xn),
it follows from Definition 2.1 (iv) applied to the extension A.
Remark 3.2. The injective endomorphisms and the derivations for the skew PBW extension
mentioned in the Proposition 3.1 are given by σ⊗i : B ⊗k k → B ⊗k k, σ
⊗
i (b⊗ r) := b⊗ σi(r),
and δ⊗i : B ⊗k k → B ⊗k k, δ
⊗
i (b ⊗ r) := b ⊗ δi(r), respectively. It is straightforward to
see that the functions σ⊗i are actually injective endomorphisms and that the functions δ
⊗
i are
σ⊗i -derivations, for every 1 ≤ i ≤ n.
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Examples 3.3. If A = σ(k)〈x1, . . . , xn〉, and B = k[y] = k[y1, . . . , ym], then
k[y]⊗k A ∼= σ(k[y]⊗k k)〈1⊗ x1, . . . , 1⊗ xn〉 ∼= σ(k[y])〈z1, . . . , zn〉.
Let us see some examples of remarkable non-commutative rings which illustrated this isomor-
phism. A detailed reference of every example can be found in [5] or [3].
(a) Additive analogue of the Weyl algebra. This algebra is the k-algebra An(q1, . . . , qn) gen-
erated by the indeterminates x1, . . . , xn, y1, . . . , yn subject to the relations:
xjxi = xixj , 1 ≤ i, j ≤ n,
yjyi = yiyj, 1 ≤ i, j ≤ n,
yixj = xjyi, i 6= j,
yixi = qixiyi + 1, 1 ≤ i ≤ n,
where qi ∈ k \ {0}. From [3], Example 3.5 (a), we have the isomorphismsAn(q1, . . . , qn) ∼=
σ(k)〈x1, . . . , xn; y1, . . . , yn〉 ∼= σ(k[x1, . . . , xn])〈y1, . . . , yn〉, that is, An(q1, . . . , qn) is a skew
PBW extension of the field k or the polynomial ring k[x1, . . . , xn]. Now, by Proposition
3.1 we obtain the isomorphism k[x1, . . . , xn] ⊗k σ(k)〈y1, . . . , yn〉 ∼= σ(k[x1, . . . , xn])〈1 ⊗
y1, . . . , yn〉, whence An(q1, . . . , qn) ∼= k[x1, . . . , xn]⊗k σ(k)〈y1, . . . , yn〉.
(b) Multiplicative analogue of the Weyl algebra. By definition, this non-commutative ring is
the k-algebra On(λji) generated by x1, . . . , xn satisfying xjxi = λjixixj, 1 ≤ i < j ≤ n,
λji ∈ k \ {0}. It can be proved that On(λji) ∼= σ(k)〈x1, . . . , xn〉 ∼= σ(k[x1])〈x2, . . . , xn〉
([3], Example 3.5 (a)). Now, Proposition 3.1 guarantees that k[x1]⊗k σ(k)〈x2, . . . , xn〉 ∼=
σ(k[x1])〈1⊗ x2, . . . , 1⊗ xn〉, and so On(λji) ∼= k[x1]⊗k σ(k)〈x2, . . . , xn〉.
The next proposition treats the construction of skew PBW extensions over the same ring of
coefficients. Note that if A is a skew PBW extension over a ring R, then A is a right R-module
under the multiplication in A, that is, f · r := fr, f ∈ A, r ∈ R. However, A is not necessarily
a right free R-module; in fact, if A is bijective, then AR is free with basis the set Mon(A)
established in Definition 2.1 (ii) (see [3], Proposition 1.7 for a detailed proof of this fact).
Proposition 3.4. If A = σ(R)〈x1, . . . , xn〉 and A
′ = σ(R)〈y1, . . . , ym〉 are two skew PBW
extensions over R, then A⊗RA
′ is also a skew PBW extension over R, and we have A⊗RA
′ =
σ(R)〈x1 ⊗ 1, . . . , xn ⊗ 1, 1⊗ y1, . . . , 1⊗ ym〉.
Proof. Again, let us illustrate the four conditions of Definition 2.1. It is clear that R ⊆ A⊗RA
′.
Now, since the product of left free R-modules is a left free R-module with R-basis {xα ⊗ yβ |
α ∈ Nn, β ∈ Nm}, and having in mind that
{xα ⊗ yβ | α ∈ Nn, β ∈ Nm} = {xα1
1
· · ·xαnn ⊗ y
β1
1
· · · yαmm | αi, βj ∈ N}
= {(xα1
1
⊗ 1) · · · (xαnn ⊗ 1)(1 ⊗ y
β1
1
) · · · (1⊗ yβmm ) | αi, βj ∈ N}
= {(x1 ⊗ 1)
α1 · · · (xn ⊗ 1)
αn(1⊗ y1)
β1 · · · (1⊗ ym)
βm | αi, βj ∈ N},
then the set
Mon(A⊗A′) := {(x1 ⊗ 1)
α1 · · · (xn ⊗ 1)
αn(1⊗ y1)
β1 · · · (1⊗ ym)
βm | αi, βj ∈ N},
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is the R-basis for the left free R-module A⊗A′.
For a non-zero element r of R, we have (xi⊗1)r−ci,r(xi⊗1) ∈ R⊗1, (1⊗yj)r−cj,r(1⊗yj) ∈
1⊗R, for (1 ≤ i ≤ n, 1 ≤ j ≤ m), because A and A′ are skew PBW extensions of R.
Now, note that
(xj ⊗ 1)(xi ⊗ 1) − ci,j(xi ⊗ 1)(xj ⊗ 1) ∈ R⊗ 1 +
n∑
l=1
R(xl ⊗ 1) +
m∑
p=1
R(1⊗ yp), 1 ≤ i, j ≤ n
(1⊗ yj)(1 ⊗ yi)− c
′
i,j(1⊗ yi)(1⊗ yj) ∈ 1⊗R+
n∑
l=1
R(xl ⊗ 1) +
m∑
p=1
R(1⊗ yp), 1 ≤ i, j ≤ m
(xi ⊗ 1),
where the elements ci,j, c
′
i,j ∈ R are considered from Definition 2.1 (iv) for the extensions A
and A′, respectively. Finally, we impose the relations (1 ⊗ yj)(xi ⊗ 1) − (xi ⊗ 1)(1 ⊗ yj) = 0,
(1 ≤ i ≤ n, 1 ≤ j ≤ m), with the aim of guarantee the condition (iv) of the definition of the
skew PBW extension A⊗R A
′ over R.
Remark 3.5. If A and A′ are two skew PBW extensions over R as in Proposition 3.4, then
the injective endomorphisms σ⊗i of R, and the σ
⊗
i -derivations δ
⊗
i of R for the extension A⊗R
A′, are obtained using the injective endomorphisms σi and σ
′
j , and the σi-derivations, and
σ′j-derivations of the extensions A and A
′, respectively. Therefore, the Proposition 3.4 can
be established in the following way: the tensor product of two skew PBW extensions A =
σ(R)〈x1, . . . , xn〉 and A
′ = σ(R)〈y1, . . . , ym〉, given by the relations
xir = ci,rxi + δi(r), 1 ≤ i ≤ n,
xjxi − ci,jxixj ∈ R+
n∑
l=1
Rxl, 1 ≤ i, j ≤ n,
and,
yjr = c
′
j,ryj + δ
′
j(r), 1 ≤ i ≤ m,
yjyi − c
′
i,jyiyj ∈ R+
m∑
p=1
Ryp, 1 ≤ i, j ≤ m,
respectively, it is the left free algebra
A⊗A′ = R〈x1, . . . xn〉/I,
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where R〈x1, . . . , xn〉 is the free R-algebra, and I is the left ideal generated by the relations
(xi ⊗ 1)r − ci,r(xi ⊗ 1)− δi(r)⊗ 1, 1 ≤ i ≤ n
(1⊗ yj)r − cj,r(1⊗ yj)− 1⊗ δ
′
j(r), 1 ≤ j ≤ m
(xj ⊗ 1)(xi ⊗ 1)− ci,j(xi ⊗ 1)(xj ⊗ 1) +R⊗ 1 +
n∑
l=1
R(xl ⊗ 1), 1 ≤ i, j ≤ n
(1⊗ yj)(1⊗ yi)− c
′
i,j(1⊗ yi)(1⊗ yj) + 1⊗R+
m∑
p=1
R(1⊗ yp), 1 ≤ i, j ≤ m
(1⊗ yj)(xi ⊗ 1)− (xi ⊗ 1)(1 ⊗ yj), 1 ≤ i ≤ n, 1 ≤ j ≤ m.
From Proposition 3.4 it follows the next result.
Corollary 3.6. If {Ai}i∈I is a family of skew PBW extensions over the ring R, then
⊗
i∈I
Ai is
also a skew PBW extension of R.
Example 3.7. The Weyl algebra An+m(k) is the skew PBW extension An(k)⊗kAm(k), which
can be obtained using Proposition 3.4. More precisely, since the Weyl algebra An(k) is the left
free k-algebra k〈x1, . . . , xn, y1, . . . , yn〉 with ideal of relations generated by xjxi − xixj, yjxi −
xiyj − δij , yjyi − yiyj, for 1 ≤ i < j ≤ n, and similarly Am(k), then
An(k)⊗k Am(k) = k〈(x1 ⊗ 1), . . . , (xn ⊗ 1), (y1 ⊗ 1), . . . , (yn ⊗ 1),
(1⊗ x′1), . . . , (1⊗ x
′
m), (1 ⊗ y
′
1), . . . , (1⊗ y
′
m)〉/I,
where I is the left ideal generated by the relations
I = 〈(xj ⊗ 1)(xi ⊗ 1)− (xi ⊗ 1)(xj ⊗ 1), 1 ≤ i < j ≤ n
(yj ⊗ 1)(xi ⊗ 1)− (xi ⊗ 1)(yj ⊗ 1)− δij ⊗ 1, 1 ≤ i < j ≤ n
(yj ⊗ 1)(yi ⊗ 1)− (yi ⊗ 1)(yj ⊗ 1), 1 ≤ i < j ≤ n,
(1⊗ x′j)(xi ⊗ 1)− (xi ⊗ 1)(1 ⊗ x
′
j), 1 ≤ i ≤ n, 1 ≤ j ≤ m,
(1⊗ y′j)(xi ⊗ 1)− (xi ⊗ 1)(1 ⊗ y
′
j), 1 ≤ i ≤ n, 1 ≤ j ≤ m,
(1⊗ x′j)(yi ⊗ 1)− (yi ⊗ 1)(1 ⊗ x
′
j), 1 ≤ i ≤ n, 1 ≤ j ≤ m,
(1⊗ y′j)(yi ⊗ 1)− (yi ⊗ 1)(1⊗ y
′
j), 1 ≤ i ≤ n, 1 ≤ j ≤ m,
(1⊗ x′j)(1 ⊗ x
′
i)− (1⊗ x
′
i)(1 ⊗ x
′
j), 1 ≤ i < j ≤ m,
(1⊗ y′j)(1⊗ x
′
i)− (1⊗ x
′
i)(1⊗ y
′
j)− 1⊗ δij , 1 ≤ i < j ≤ m,
(1⊗ y′j)(1⊗ y
′
i)− (1⊗ y
′
i)(1⊗ y
′
j), 1 ≤ i < j ≤ m.
If we identify pi := xi ⊗ 1 (1 ≤ i ≤ n), pn+i := 1 ⊗ x
′
i (1 ≤ i ≤ m), qi := yi ⊗ 1 (1 ≤ i ≤ n),
qn+i := 1 ⊗ y
′
i (1 ≤ i ≤ m), then we can see that the algebra An(k) ⊗k Am(k) is precisely the
Weyl algebra An+m(k).
Next, we study the tensor product of skew PBW extensions whose coefficients rings are not
necessarily the same. In this way, we generalize Proposition 3.4.
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Proposition 3.8. If A = σ(R)〈x1, . . . , xn〉 and A
′ = σ(R′)〈x1, . . . , xn〉 are two skew PBW
extensions over the k-algebras R and R′ respectively, then A ⊗k A
′ is a skew PBW extension
over R⊗k R
′.
Proof. Let A and A′ be skew PBW extensions over the k-algebras R and R′, respectively. From
the definition we know that
xir = σi(r)xi + δi(r), 1 ≤ i ≤ n, xjxi − ci,jxixj ∈ R+
n∑
l=1
Rxl, 1 ≤ i, j ≤ n,
yjs = σ
′
j(s)yj + δ
′
j(s), 1 ≤ j ≤ m, yjyi − di,jyiyj ∈ R
′ +
m∑
l=1
R′yl, 1 ≤ i, j ≤ m,
where σi, δi : R → R and σ
′
j , δ
′
j : R
′ → R′ are as in Proposition 2.3. We assume that the
elements of k commute with every element of A and each element of A′, so A and A′ are
k-algebras (this assumption, for example, it was used in the computation of Gelfand-Kirillov
dimension for these non-commutative rings, see [6]). Note that A⊗k A
′ is a k-algebra with the
product given by (a⊗a′)(b⊗ b′) = (ab)⊗ (a′b′) ([16], Proposition 2.60). Moreover, R ∼= R⊗k k,
R′ ∼= k⊗k R
′, A ∼= A⊗k k, and A
′ ∼= k⊗k A
′. We endow A⊗k A
′ with the natural structure of
left R⊗k R
′-module, i.e., (r ⊗ s) · (a⊗ a′) := (ra)⊗ (sa′).
With the aim of showing that A ⊗k A
′ is a skew PBW extension of R ⊗k R
′, we consider
the free algebra (R⊗k R
′)/I, where I is the left ideal generated by the relations
(xi ⊗ 1)(r ⊗ 1)− (σi(r)⊗ 1)(xi ⊗ 1)− δi(r)⊗ 1, 1 ≤ i ≤ n
(xj ⊗ 1)(xi ⊗ 1)− ci,j(xi ⊗ 1)(xj ⊗ 1)−R⊗ 1 +
n∑
l=1
R(xl ⊗ 1), 1 ≤ i, j ≤ n
(1⊗ yj)(1 ⊗ s)− (1⊗ σ
′
j(s))(1 ⊗ yj)− 1⊗ δ
′
i(s), 1 ≤ j ≤ m
(1⊗ yj)(1 ⊗ yi)− di,j(1⊗ yi)(1⊗ yj)− 1⊗ S +
m∑
l=1
S(1⊗ yl), 1 ≤ i, j ≤ m
(xi ⊗ 1)(1 ⊗ s)− (1⊗ s)(xi ⊗ 1), 1 ≤ i ≤ n
(1⊗ yj)(r ⊗ 1)− (r ⊗ 1)(1 ⊗ yj), 1 ≤ j ≤ s
(xi ⊗ 1)(1 ⊗ yj)− (1⊗ yj)(xi ⊗ 1), 1 ≤ i ≤ n, 1 ≤ j ≤ m.
It is clear that R ⊗k R
′ ⊆ A ⊗k A
′. Since A ⊗k A
′ is a left R ⊗k R
′-module, following the
notation established in Definition 2.4, and using Remark 2.2 (iv), we can see that A ⊗k A
′ is
left free over R ⊗k R
′ (the proof is similar to the established in [15], Theorem 14.5, and uses
some arguments about the union of sets of basic monomials (see [7], Lemma 4.3, for details
about this procedure) with basis
Mon(A⊗A′) := {(x1 ⊗ 1)
α1 · · · (xn ⊗ 1)
αn(1⊗ y1)
αn+1 · · · (1⊗ ym)
αn+m}
The injective endomorphims and the derivations of the skew PBW extension A⊗k A are given
by
σi : R⊗ S → R⊗ S, σi(r ⊗ s) =
{
σi(r)⊗ s, 1 ≤ i ≤ n
r ⊗ σ′i(r), n+ 1 ≤ i ≤ n+m,
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and,
δi : R⊗ S → R⊗ S, δi(r ⊗ s) =
{
δi(r)⊗ s, 1 ≤ i ≤ n
r ⊗ δ′i(s), n+ 1 ≤ i ≤ n+m,
respectively. Note that the functions σi are injective endomorphisms because σi and σ
′
j so are.
Nex, we show that δi is a σi-derivation for 1 ≤ i ≤ n:
δi((r ⊗ s)(r
′ ⊗ s′)) = δi(rr
′ ⊗ ss′)
= δi(rr
′)⊗ ss′
= (σi(r)δi(r
′) + δi(r)r
′)⊗ ss′
= σi(r)δi(r
′)⊗ ss′ + δi(r)r
′ ⊗ ss′
= (σi(r)⊗ s)(δi(r
′)⊗ s) + (δi(r)⊗ s)(r
′ ⊗ s′)
= σi(r ⊗ s)δi(r
′ ⊗ s′) + δi(r ⊗ s)(r
′ ⊗ s′).
Similarly, we can see that δi is a σi-derivation, for n+ 1 ≤ i ≤ n+m.
Remark 3.9. Note that if f is a nonzero element of A and g is a nonzero element of A′,
then exp(f ⊗ g) = (exp(f), exp(g)) ∈ Nn+m, where exp(f ⊗ g) is obtained using an order of
elimination, either A or A′.
4 Enveloping algebra
The opposite of a ring is the ring with the same elements and addition operation, but with the
multiplication performed in the reverse order. More precisely, the opposite of a ring (B,+, ·)
is the ring (B,+, ∗), whose multiplication ∗ is defined by a ∗ b = b · a. In this section we show
that the enveloping algebra of a bijective skew PBW extension A is again a PBW extension.
We recall that if B is a k-algebra, then the enveloping algebra of B is Be := B ⊗k B
op, where
Bop is the opposite algebra of B.
Proposition 4.1. If A is a bijective skew PBW extension over R, then Aop is a bijective skew
PBW extension over Rop. In fact, for Aop we have the automorphisms σopi : R
op → Rop given
by σopi := σ
−1
i (r), and the σ
op
i -derivations δ
op
i : R
op → Rop defined by δopi (r) := −δi(σ
−1
i (r)),
for every element r ∈ Rop.
Proof. Let A = σ(R)〈x1 . . . , xn〉 be a bijective skew PBW extension of R. We will verify the
four conditions of the Definition 2.1 for the rings Rop and Aop.
(i) It is clear that Rop ⊆ Aop.
(ii) Since A is a left free R-module with basis Mon(A) := {xα11 · · · x
αn
n | α1, . . . , αn) ∈ N
n},
then by the definition of the product in Aop, we have that Aop is a free right R-module
with basis the set Mon(Aop) := {xα
op
= xαnn · · · x
α1
1 | α
op = (αn, . . . , α1) ∈ N
n}. Hence,
Aop is a left free Rop-module.
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(iii) We will see that for each 1 ≤ i ≤ n, and for every r ∈ Rop \ {0}, there exists c′i,r ∈
Rop \ {0} such that rxi − xic
′
i,r ∈ R
op. Put c′i,r := σ
−1
i (r). Given that
xic
′
i,r = xiσ
−1
i (r) = σi(σ
−1
i (r))xi + δi(σ
−1
i (r)) = rxi + δi(σ
−1
i (r)),
we have that rxi − xic
′
i,r = −δi(σ
−1
i (r)) ∈ R
op.
(iv) Let c′i,j := σ
−1
i (σ
−1
j (c
−1
i,j )). Then
xixj − xjxic
′
i,j = xixj − xjxiσ
−1
i (σ
−1
j (c
−1
i,j ))
= xixj − xj [σi(σ
−1
i (σ
−1
j (c
−1
i,j )))xi + δi(σ
−1
i (σ
−1
j (c
−1
i,j )))]
= xixj − xjσ
−1
j (c
−1
i,j )xi − xjδi(σ
−1
i (σ
−1
j (c
−1
i,j )))
= xixj − [σj(σ
−1
j (c
−1
i,j ))xj + δj(σ
−1
j (c
−1
i,j ))]xi − xjδi(σ
−1
i (σ
−1
j (c
−1
i,j )))
= xixj − c
−1
i,j xjxi − δj(σ
−1
j (c
−1
i,j ))xi − xjδi(σ
−1
i (σ
−1
j (c
−1
i,j ))) (4.1)
From Definition 2.1 (iv), we have that xjxi − ci,jxixj = r
(i,j) +
∑n
l=1 r
(i,j)
l xl, whence
c−1i,j xjxi = xixj + c
−1
i,j r
(i,j) +
∑n
l=1 c
−1
i,j r
(i,j)
l xl. So, by replacing the term c
−1
i,j xjxi in the
above expression (4.1), we have that
xixj − xjxic
′
i,j = − c
−1
i,j r
(i,j) −
( n∑
l=1
c−1i,j r
(i,j)
l xl
)
− δj(σ
−1
j (c
−1
i,j ))xi − xjδi(σ
−1
i (σ
−1
j (c
−1
i,j )))
= − c−1i,j r
(i,j) −
( n∑
l=1
xlσ
−1
l (c
−1
i,j r
(i,j)
l )− δl(σ
−1
l (c
−1
i,j r
(i,j)
l ))
)
− [xiσ
−1
i (δj(σ
−1
j (c
−1
i,j )))− δi(σ
−1
i (δj(σ
−1
j (c
−1
i,j ))))] − xjδi(σ
−1
i (σ
−1
j (c
−1
i,j )))
= − c−1i,j r
(i,j) +
( n∑
l=1
δl(σ
−1
l (c
−1
i,j r
(i,j)
l ))
)
+ δi(σ
−1
i (δj(σ
−1
j (c
−1
i,j ))))
−
∑
l=1, l 6=i,j
xlσ
−1
l (c
−1
i,j r
(i,j)
l )− xi[σ
−1
i (c
−1
i,j r
(i,j)
i ) + σ
−1
i (δj(σ
−1
j (c
−1
i,j )))]
− xj [σ
−1
j (c
−1
i,j r
(i,j)
j ) + δi(σ
−1
i (σ
−1
j (c
−1
i,j )))],
which shows that xixj − xjxic
′
i,j ∈ R+ x1R+ · · ·+ xnR.
Finally, let r and r′ be elements of Rop. We have:
σopi (r + r
′) = σ−1i (r + r
′) = σ−1i (r) + σ
−1
i (r
′) = σopi (r) + σ
op
i (r
′)
σopi (1Rop) = σ
op
i (1R) = σ
−1
i (1R) = 1R = 1Rop
σopi (rr
′) = σ−1i (r
′r) = σ−1i (r
′)σ−1i (r) = σ
−1
i (r)σ
−1
i (r
′) = σopi (r)σ
op
i (r
′).
Given that σi is injective and surjective, so it is σ
op
i , for every 1 ≤ i ≤ n. With respect to the
functions δopi , we have
δopi (r + r
′) = − δi(σ
−1
i (r + r
′)) = −δi(σ
−1
i (r) + σ
−1
i (r
′))
= − δi(σ
−1
i (r))− δi(σ
−1
i (r
′))
= δopi (r) + δ
op
i (r
′),
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and using the product on Rop,
δopi (rr
′) = − δi(σ
−1
i (r
′r)) = −δi(σ
−1
i (r
′)σ−1i (r))
= − [σi(σ
−1
i (r
′))δi(σ
−1
i (r
′)) + δi(σ
−1
i (r
′))σ−1i (r)]
= − r′δi(σ
−1
i (r
′))− δi(σ
−1
i (r
′))σ−1i (r)
= σ−1i (r)(−δi(σ
−1
i (r
′))) + (−δi(σ
−1
i (r)))r
′
= σopi (r)δ
op
i (r
′) + δopi (r)r
′,
which concludes the proof.
Remark 4.2. We note also that Aop is a skew PBW extension over R, where the elements of
the Definition 2.1 are written in reverse order, and op is the order given by α op β if and only
if αop ≤ βop. So, we can be that the set Mon(Aop) = {xαnn · · · x
α1
1 | α
op = (αn, . . . , α1) ∈ N
n}
is a free R-basis of Aop.
Theorem 4.3. If A is a bijective skew PBW extension over R, then Ae is a bijective skew
PBW extension over Re.
Proof. First of all, it is clear that Re ⊆ Ae. Secondly, given that A is a left free R-module, we
have that
A ∼= R|Mon(A)| ∼= (R ⊗R R)
|Mon(A)| ∼= (R⊗R R
op)|Mon(A)|.
Similarly, since that Aop is right Rop-free,
Aop ∼= (Rop)|Mon(A
op)| ∼= (Rop ⊗Rop R
op)|Mon(A
op)| ∼= (R⊗R R
op)|Mon(A
op)|,
which shows that A and Aop are left free R⊗RR
op-modules, so Ae = A⊗Aop is also a left free
R⊗Rop-module with basis Mon(A) ⊗Mon(Aop). Hence,
Mon(Ae) = {(x1 ⊗ 1)
α1 · · · (xn ⊗ 1)
αn(1⊗ xn)
αn+1 · · · (1⊗ x1)
α2n | (α1, . . . , α2n) ∈ N
2n}.
Note that the automorphisms σi and the σi-derivations of A
e, for 1 ≤ i ≤ n, are given by
σi : R⊗R
op → R⊗Rop, σi(r ⊗ r
′) =
{
σi(r)⊗ r
′, 1 ≤ i ≤ n
r ⊗ σ′i(r), n+ 1 ≤ i ≤ 2n,
and,
δi : R⊗R
op → R⊗Rop, δi(r ⊗ r
′) =
{
δi(r)⊗ r
′, 1 ≤ i ≤ n
r ⊗ δ′i(r
′), n+ 1 ≤ i ≤ 2n.
In this way, the conditions (iii) and (iv) of Definition 2.1 follow from Propositions 3.4 and 4.1,
and Remark 3.5.
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5 Skew Calabi-Yau algebras
Suppose that M and N are both Be-modules. Then there are two Be-module structures on
M⊗N . One of them is called the outer structure defined by (a⊗b)·(m⊗n)
out
= am⊗nb, and the
other is called the inner structure defined by (a⊗b)·(m⊗n)
int
= ma⊗bn, for any a, b ∈ B,m ∈M ,
n ∈ N . Since Be is identified with B ⊗ B as a k-module (kB
e = k(B ⊗ B
op) = k(B ⊗B)),
B ⊗ B endowed with the outer structure is nothing but the left regular Be-module Be.
Be(B ⊗B)
out
= BeB
e: for Be(B ⊗B), (a ⊗ b) · (x ⊗ y) = a · (x ⊗ y) · b
out
= ax ⊗ yb, whereas
that in BeB
e (a ⊗ b) · (x ⊗ y) = ax ⊗ b ◦ y = ax ⊗ yb. B ⊗ B endowed with the inner
structure is nothing but the right regular Be-module Be. Be(B ⊗B)
int
= BeBe : for Be(B ⊗B),
(a⊗b)·(x⊗y) = a·(x⊗y)·b
int
= xa⊗by, whereas that in BeBe , (x⊗y)·(a⊗b) = xa⊗y◦b = xa⊗by.
Hence, we often say that Be has the outer (left) and inner (right) Be-module structure.
An algebra B is said to be homologically smooth if as an Be-module, B has a finitely generated
projective resolution of finite length. The length of this resolution is known as the Hochschild
dimension of B (in [12], the authors considered this dimension to compute the cyclic homology
of skew PBW extensions). In the next definition, the outer structure on Be is used when
computing the homology Ext∗Be(B,B
e). Thus, Ext∗Be(B,B
e) admits an Be-module structure
induced by the inner one on Be.
Definition 5.1. An algebra B is called skew Calabi-Yau of dimension d, if the following
conditions hold:
(i) B is homologically smooth.
(ii) There exists an algebra automorphism ν of B such that ExtiBe(B,B
e) ∼=
{
0, i 6= d
Bν , i = d,
,
as Be-modules. If ν is the identity, then B is said to be Calabi-Yau.
The automorphism ν is called the Nakayama automorphism of B, and it is unique up to inner
automorphisms of B. Note that a skew Calabi-Yau algebra is Calabi-Yau if and only if its
Nakayama automorphism is inner.
Definition 5.2. Let B = k⊕B1⊕B2 ⊕ · · · be a finitely presented graded algebra over a field
k. The algebra B will be called AS-regular, if it has the following properties:
(i) B has finite global dimension d, i.e., every graded B-module has projective dimension
less or equal than d;
(ii) B has finite Gelfand-Kirillov dimension;
(iii) B is Gorenstein, meaning that ExtiB(k, B) = 0 if i 6= d, and Ext
d
A(k, B)
∼= k.
The dimension of Gelfand-Kirillov and the notion of Gorenstein for skew PBW extensions
were studied in [6] and [5], respectively. Now, from the Definition 5.2 we can see that we
need to consider graded algebras, and since in general skew PBW extensions are not graded
rings, in the next definition we impose three conditions to guarantee a notion of grade in these
extensions. More exactly,
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Definition 5.3 ([18], Definition 2.6). Let A = σ(R)〈x1, . . . , xn〉 be a bijective skew PBW
extension over a N-graded algebra R. We said that A is a graded skew PBW extension, if the
following conditions holds:
(i) the indeterminates x1, . . . , xn have degree 1 in A;
(ii) σi is a graded ring homomorphism and δi : R(−1) → R is a graded σi-derivation, for all
1 ≤ i ≤ n, where σi and δi are established in Proposition 2.3;
(iii) xjxi − ci,jxixj ∈ R2 +R1x1 + · · · +R1xn, as in Definition 2.1 (iv), and ci,j ∈ R0;
For the next proposition, consider the notation established in Definition 2.4.
Proposition 5.4 ([18], Proposition 2.7). Let A be a graded skew PBW extension over R, and
let Ap the k-space generated by the set {rtx
α | t + |α| = p, rt ∈ Rt and x
α ∈ Mon(A)}, for
p ≥ 0. Then A is a graded algebra with graduation given by A =
⊕
p≥0Ap.
Next theorem is one of the most important results of this paper. This theorem establishes
that quasi-commutative skew PBW extensions over connected Calabi-Yau algebras over fields
are skew-Calabi-Yau.
Theorem 5.5. If A is a graded quasi-commutative skew PBW extension over a connected skew
Calabi-Yau k-algebra R, then A is skew Calabi-Yau.
Proof. Note that A is isomorphic to an iterated Ore extension of endomorphism type
R[z1, θ1] · · · [zn, θn] where θi is bijective; θ1 = σ1;
θj : R[z1; θ1] · · · [zj−1; θj−1]→ R[z1; θ1] · · · [zj−1; θj−1]
is such that θj(zi) = ci,jzi (ci,j ∈ R as in Definition 2.1), 1 ≤ i < j ≤ n and θi(r) = σi(r),
for r ∈ R ([3], Theorem 2.3). Since A is graded, then σi is graded and ci,j ∈ R0. Now, using
that θi(r) = σi(r) and θj(zi) = ci,jzi, we have that θi is a graded automorphism, for every i.
Without loss of generality, we can assume that zi = xi, for every 1 ≤ i ≤ n. Therefore A is
isomorphic to a graded iterated Ore extension, and using that R is AS-regular ([14], Lemma
1.2), then A is AS-regular ([4]). Now, R connected implies that A so is ([18], Remark 2.10).
From [14], Lemma 1.2, we conclude that A is skew Calabi-Yau.
Example 5.6. Theorem 5.5 allows us to obtain the following examples of skew PBW extensions
which are skew Calabi-Yau algebras.
1. For a fixed q ∈ k\{0}, the k-algebra of linear partial q-dilation operators with polynomial
coefficients is k[t1, . . . , tn][H
(q)
1 , . . . ,H
(q)
m ], n ≥ m, subject to the relations: tjti = titj, 1 ≤
i < j ≤ n; H
(q)
i ti = qtiH
(q)
i , 1 ≤ i ≤ m; H
(q)
j ti = tiH
(q)
j , i 6= j; H
(q)
j H
(q)
i = H
(q)
i H
(q)
j ,
1 ≤ i < j ≤ m (see [3], section 3.3). This algebra is a graded quasi-commutative skew
PBW extension of k[t1, . . . , tn], where k[t1, . . . , tn] is endowed with usual graduation.
2. The quantum polynomial ring On(λji) (also known as the multiplicative analogue of the
Weyl algebra) is the algebra generated by the indeterminates x1, . . . , xn subject to the
relations xjxi = λjixixj, 1 ≤ i < j ≤ n, λji ∈ k \ {0}. In [3], Section 3.5, it was proved
that On(λji) ∼= σ(k)〈x1, . . . , xn〉 ∼= σ(k[x1])〈x2, . . . , xn〉.
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